Abstract. Let a contact 3-manifold (Y, ξ 0 ) be the link of a normal surface singularity equipped with its canonical contact structure ξ 0 . We prove a special property of such contact 3-manifolds of "algebraic" origin: the Heegaard Floer invariant c + (ξ 0 ) ∈ HF + (−Y ) cannot lie in the image of the U -action on HF + (−Y ). It follows that Karakurt's "height of U -tower" invariants are always 0 for canonical contact structures on singularity links, which contrasts the fact that the height of U -tower can be arbitrary for general fillable contact structures. Our proof uses the interplay between the Heegaard Floer homology and Némethi's lattice cohomology.
Introduction and background
Consider a complex surface Σ ⊂ C N with an isolated critical point at the origin. For a sufficiently small ε > 0, the intersection Y = Σ ∩ S 2N −1 ε with the sphere S 2N −1 ε = {|z 1 | 2 + |z 2 | 2 + · · · + |z N | 2 = ε} is a smooth 3-manifold called the link of the singularity. The complex structure on Σ induces the canonical contact structure ξ 0 on Y given by the distribution of complex tangencies. The contact manifold (Y, ξ 0 ) is independent of the choice of ε, up to contactomorphism. While the link of singularity may in general support a number of tight or fillable contact structures, the canonical contact structure can be thought of as the contact structure closely related to the algebraic origin of the manifold Y as link of singularity (and potentially carry information about the singularity). We would like to address Question 1.1. Are there any special features that distinguish the canonical contact structure from other contact structures on the link of singularity?
It is known, for example, that ξ 0 is always Stein fillable [BO] and universally tight [LO] . In this paper, we work with Ozsváth-Szabó's Heegaard Floer homology [OS1] and Némethi's lattice cohomology [Ne1, Ne2] to establish special properties of the Heegaard Floer contact invariant c + (introduced in [OS3] ) of canonical contact structures. Recall that for a 3-manifold Y , the Heegaard Floer homology HF + (Y ) is an F[U ]-module (coefficients are assumed to be F = Z/2, see Remark 4.5 for Z coefficients). We review the context and background after stating our main result in terms of the U -action. Theorem 1.2. Let (Y, ξ 0 ) be a rational homology sphere link of a normal surface singularity with its canonical contact structure, and c + (ξ 0 ) ∈ HF + (−Y ) its contact invariant. Assume that the singularity is not rational. Then c + (ξ) / ∈ Im U .
A singular point p is normal when bounded holomorphic functions defined in its punctured neighborhood can be extended over p. More importantly to us, normality together with the homological assumption on Y is equivalent to saying that Y is the boundary of a negative-definite 4-manifold which is a plumbing of spheres such that the plumbing graph is a tree (see section 2).
Given a 3-manifold Y , recall that its Heegaard Floer homology, developed in [OS1] and sequels, is an F[U ]-module HF + (Y ) that decomposes as a direct sum of components corresponding to Spin c structures on Y . When Y is a rational homology sphere, HF + (Y, s) = T ⊕ T orsion, where T is a free F[U ]-module generated by a single element, and T orsion is annihilated by U d for some large d. A rational homology sphere Y is called an L-space when its Heegaard Floer homology is the simplest possible, i.e. HF + (Y, s) = T for every s ∈ Spin c (Y ). In the case where Y is the link of a normal surface singularity, it is known that Y is an L-space if and only if the singularity is rational, [OS2, Ne3] . (We will not discuss algebro-geometric definition of rational singularities here; in fact the reader can take the L-space criterion above as a definition.)
Given a contact 3-manifold (Y, ξ), its invariant c + (ξ) is defined as a distingushed element of the Heegaard Floer group HF + (−Y ), [OS3] . More precisely, c
, where t ξ is the Spin c structure induced by ξ. For Stein fillable contact structures, the invariant is non-zero, in particular, c + (ξ 0 ) = 0 for the canonical contact structure ξ 0 on a link of any surface singularity. For an arbitrary contact 3-manifold (Y, ξ), the contact invariant is annihilated by the U -action, i.e. c + (ξ) ∈ Ker U . The F[U ]-module structure was used by Karakurt in [Ka] to define a related numerical invariant of contact structures. More precisely, Karakurt considers the height of U -tower over c + (ξ) to define
We have taken the liberty of changing the sign in Karakurt's original definition; in [Ka] , the invariant is defined as σ(ξ) = −ht(ξ). Karakurt computes ht for a number of contact structures obtained by Legendrian surgery, and shows that ht can take arbitrary integer values from 0 to +∞. In [KO] , Karakurt andÖztürk show that the height of tower is 0 for canonical contact structures on links of "almost rational" (AR) singularities, using the fact that Heegaard Floer homology is isomorphic to Némethi's lattice cohomology [Ne1, Ne2] for 3-manifolds of this type. For rational singularities, it is easy to see that ht = −∞ for every contact structure on the link: this follows from the fact that the link Y of a rational singularity is an L-space, i.e. HF + (−Y, s) = T for every Spin c structure s on Y , [OS2, Ne1] . Karakurt-Öztürk ask whether height of tower can take arbitrary integer values for canonical contact structures on links of general normal surface singularities [KO, Question 6.2] . It follows immediately from Theorem 1.2 that the answer is manifestly no: Corollary 1.3. Consider a normal surface singularity which is not rational and its link is a rational homology sphere. Let ξ 0 be the canonical contact structure on the link. Then ht(ξ 0 ) = 0.
When starting this work, our initial goal was to use the height of tower invariants (together with their monotonicity under Stein cobordisms [Ka] ) to obstruct certain deformations of surface singularities. The above corollary means, however, that the ht invariant contains very little information about the given singularity! (One could use ht to show that rational singularities cannot be deformed into non-rational, but this is a well-known fact and a special case of the semicontinuity of the geometric genus, see [Elk] .)
Similarly to [KO] , our proof also uses the interplay between Heegaard Floer homology and lattice cohomology of [Ne1, Ne2] . Lattice cohomology is defined in a combinatorial way, using the intersection lattice of the plumbing graph (the dual resolution graph of the singularity). Under certain rather restrictive conditions (for example, for links of AR singularities), the Heegaard Floer homology and lattice cohomology are known to be isomorphic [OS2, Ne2] . For arbitrary 3-manifolds, a spectral sequence from lattice homology to Heegaard Floer homology was found in [OSS] ; this spectral sequence collapses in certain special cases, but in general, isomorphism between Heegaard Floer and lattice (co)homologies has not been established. The isomorphism between the Heegaard Floer and lattice theories in the case of AR singularities is the key tool in Karakurt's and Karakurt-Öztürk's proofs in [Ka, KO] . Our approach is different in that we only use an F[U ]-equivariant map from the Heegaard Floer homology to the lattice cohomology and do not require an isomorphism, thus our argument works in general. The homomorphism we use comes from [OS2] and maps HF + (−Y ) to the 0-dimensional part H + 0 (Γ) of lattice cohomology. (The latter is much simpler that the full lattice cohomology H * (Γ); note that for AR-singularities, lattice cohomology vanishes in dimensions n > 0, [LN] .) Another difference between our work and [KO] is that we use general properties of graded roots without resorting to Laufer sequences specific to the AR case.
It is intriguing that the proof of Theorem 1.2 works with lattice cohomology to establish a statement about Heegaard Floer invariants, even in the absence of isomorphism between the two theories. It would be very interesting to find further similar applications of lattice cohomology.
Resolutions and plumbing graphs
A normal surface singularity (Σ, 0) has a resolution π :Σ → Σ such that the irreducible components of the exceptional divisor π −1 (0) are smooth complex curves that intersect transversely at double points only. (In other words, π −1 (0) is a normal crossing divisor; a resolution with this property is called good). The dual resolution graph Γ is the graph whose vertices correspond to irreducible components of the exceptional divisor and the edges record intersections of these components. Each vertex is decorated with an integer weight equal to the self-intersection of the corresponding curve. The resolution yields a 4-manifold X(Γ) such that ∂X(Γ) = Y , where Y is the link of singularity. For normal singularities, X(Γ) is negative-definite, and Y is a rational homology sphere if and only if Γ is a tree and each vertex corresponds to a 2-sphere. (See for example [Ne2, §2.1-2.2] for details.) The manifold X(Γ) can be obtained by plumbing disk bundles over 2-spheres (with Euler numbers given by weights of vertices) as dictated by the graph Γ, so Γ is often called a plumbing graph.
It will be important to us that X(Γ) carries a symplectic form ω 0 such that (X(Γ), ω 0 ) is a strong symplectic filling for (Y, ξ 0 ). Indeed,Σ is Kähler since it lives in a blowup of C N . In particular,Σ has a symplectic form ω 0 such that
with (the restriction of) the symplectic structure ω 0 . The irreducible components of the exceptional divisor are symplectic surfaces inΣ, so that (Y, ξ 0 ) is the convex boundary of the plumbing X(Γ) of symplectic surfaces.
Lattice Cohomology
In this section, we discuss the necessary background on lattice cohomology, [OS2, Ne1, Ne2] . Lattice cohomology H * (Γ) was defined by Némethi in [Ne2] as a combinatorial theory conjecturally parallel to Heegaard Floer homology. Starting with a plumbing graph Γ that defines a 4-manifold with boundary X(Γ), Némethi's construction uses cellular cohomology of certain CW -complexes associated to the lattice L = H 2 (X(Γ), Z) equipped with a weight function. We do not give the general definition of H * (Γ) here as we will only work with its 0-dimensional part H + 0 (Γ). (The reader will get a glimpse of the CW-complexes in the graded roots discussion below.) However, we will use several equivalent definitions of the 0-dimensional cohomology, those from [Ne2] and its precursors [OS2, Ne1] . We also use specific isomorphisms between these constructions, so we review this material in some detail. (Everything we need is contained in [Ne1] but some of the statements are implicit and somewhat difficult to extract from [Ne1] .)
As before, let Y be a rational homology sphere which is a link of normal surface singularity. Let Γ be a negative-definite connected plumbing graph as above, defining a 4-manifold X = X(Γ) with boundary
Consider the lattice L = H 2 (X, Z); the intersection form on L can be read off the graph Γ. Indeed, the vertices of Γ give a basis for L; v will usually denote both a vertex and its corresponding homology class. Then, the self-intersection v · v equals the weight decoration of the vertex v, and for two different vertices v, w we have v · w = 1 if v, w are connected by an edge in Γ, and 0 otherwise. Set L = H 2 (X, Z) and H = H 1 (Y, Z). Since X has no 1-handles, from Poincaré duality, the universal coefficient theorem and the homology exact sequence of the pair (X, Y ) we have
and our assumption that Y is a rational homology sphere gives a short exact sequence 0 → L → L → H → 0. We will use the map PD : L → L defined by composing the Poincaré duality
be the set of characteristic vectors, that is,
and x·x is the self-intersection of x by the intersection form on L = H 2 (X, Z).
We have Char = K + 2L for any fixed K ∈ Char. The natural action K → K + 2 PD(x) (for any x ∈ L) of L on Char has orbits of form K + 2 PD(L). We will denote an orbit of this form by [K] ⊂ Char.
Since X(Γ) is simply connected, Char(Γ) is isomorphic to the set of Spin c structures on X, and the identification is given by the first Chern class of the determinant line bundle associated with a given Spin c structure (see e.g. [GS, Proposition 2.4 .16]). If s is any fixed Spin c structure on X and t = s| Y is its restriction to Y , the Spin c structures on X which restrict to t are exactly those whose first Chern classes form an orbit of form
c structures on Y can be identified with orbits of the L-action on Char(X), and we will sometimes use the notation t = [K] ∈ Spin c (Y ). For any K ∈ Char, we will also consider the (in general, rational) number K 2 defined by using the intersection pairing on H 2 (X; Q) H 2 (X, Y ; Q) H 2 (X, Q) (the latter isomorphism holds because Y is a rational homology sphere). Rational coefficients are needed since H 2 (X; Z) H 2 (X, Y ; Z) doesn't have a well-defined intersection pairing. All the lattice cohomologies discussed below are taken with coefficients in F = Z/2 and have the structure of F[U ]-modules (these modules are graded but we omit the gradings since they will not be important to us). See Remark 4.5 for coefficients in Z.
Let
We will use the notation 1 = U 0 ∈ T + 0 for the corresponding generator.
3.1. Lattice cohomology via functions on Char. This is a review of the construction due to Ozsváth and Szabó, [OS2, §1] . Define a weight function w on Char by setting w(K) = −(K 2 + |Γ|)/8, where |Γ| stands for the number of vertices in the plumbing graph, i.e. the number of basis elements of H 2 (X, Z) provided by the exceptional divisors. 
We introduce U -action on
As the compatibility condition (1) above involves relations between elements of Char(Γ) that differ by an element in 2 PD(L), the F[U ]-module H + 0 (Γ) decomposes as a direct sum according to the Spin c structures on Y :
We will use the notation H 3.2. Lattice cohomology via functions on homology lattice. We now describe a slightly different construction by Némethi, introduced in [Ne1, Proposition 4.7] .
Given any characteristic element K ∈ Char(Γ), define the weight function χ K on L such that for any x ∈ L we set
Definition 3.2. For a fixed characteristic vector K ∈ Char(Γ), the lattice cohomology HL
) is the set of functions ϕ : L → T + 0 satisfying the following relations for elements x ∈ L and vertices v of Γ. If n is an integer such that 2n =
This is also naturally an F[U ] module by setting (U ϕ)(x) = U (ϕ(x)).
Lemma 3.3. [Ne1, Proposition 4.7]
This map is well-defined as the two compatibility conditions (1) and (3) correspond to each other: setting K = K + 2 PD(x), we see that for a basis element v of L corresponding to a vertex of the plumbing graph,
In the language of the weight functions, this is exactly the fact w(
3.3. Lattice cohomology via graded roots. Here we review Némethi's main construction from [Ne1, § 4] .
Fix K ∈ Char(Γ) and again consider the weight function χ K : L → Z defined by
We consider sublevel sets of the function χ K in the lattice L. For each n ∈ Z, letL K,≤n be a finite 1-dimensional cell complex whose 0-skeleton is the set
and the 1-cells are constructed as follows. If x ∈ L and v is the basis element of L = H 2 (X, Z) corresponding to a vertex of Γ, then we connect x and x + v by a unique 1-cell inL K,≤n whenever x and x+v are both in L K,≤n . Clearly, such cell complexes can be built as subsets of L ⊗ R, taking the 1-cells to be straight line segments connecting their endpoints. Then we haveL K,≤n ⊂L K,≤m for n < m. Consider the set π 0 (L K,≤n ) of the connected components ofL K,≤n , and let C w denote the component corresponding to w ∈ π 0 (L K,≤n ). If m > n, each C w is contained in a component C w for some w ∈ π 0 (L K,≤m ), and C w may contain several distinct components ofL K,≤n . These inclusion relations are codified by the graded root (R K , χ K ), which is a graph with an integer-valued grading function. The grading on the graph is closely related to the U -action on cohomology.
The vertices V(R K ) of (R K , χ K ) are given by the set ∪ n∈Z π 0 (L K,≤n ). The grading,
Finally, all edges are obtained by connecting vertices of the form w n ∈ π 0 (L K,≤n ) and w n+1 ∈ π 0 (L K,≤n+1 ) such that C wn ⊂ C w n+1 , where the inclusion is understood in the sense described above.
Remark 3.4. As we mentioned, the elements of Char(Γ) fall into equivalence classes of form [K] corresponding to Spin c structures on Y . It turns out that the graded roots corresponding to two characteristic elements K, K belonging to the same orbit (that is, if K − K ∈ 2 PD(L)) are the same up to a grading shift, so one can associate a well-defined graded root (R t , χ t ) to a Spin c structure t ∈ Spin c (Y ) if one fixes the grading so that min χ t | Rt = 0, see [Ne1, Section 4] for details. As we do not work with absolute gradings on cohomology modules, we will not make the grading shift and will simply use the grading given by χ K . 
Note that by the construction of the graded root, for v, w as above we have in fact χ(v) + 1 = χ(w). As before, there is obvious U -action on H(R, χ), so that (U ψ)(v) = U (ψ(v)). See [Ne1, Definition 3.5] and discussion therein for details. 
Proof. The isomorphism of [Ne1, Proposition 4.7] is constructed as follows. For an element x ∈ L with χ K (x) = n, the map θ :
This induces a map θ
One can check that this is indeed a well-defined mapping from H(R K , χ K ) to HL + 0 (Γ, K), as the compatibility conditions (3) and (4) are matching. By some more work, it is also easy to see that it is an isomorphism (for the details, see the proof of [Ne1, Proposition 4.7] ).
We will also need a special property of the graded root corresponding to the canonical class.
Definition 3.7. Let K 0 = c 1 (T X, J), where J is the almost-complex structure compatible with the symplectic structure on the plumbed 4-manifold X = X(Γ). We call K 0 the canonical class of the singularity link. We will also write s 0 for the Spin c structure on X induced by J, so that K 0 = c 1 (s 0 ), and [K 0 ] = s 0 | Y = t 0 is the Spin c structure on the 3-manifold Y induced by the canonical contact structure ξ 0 .
Note that the convention of [Ne1] is different: Némethi defines the canonical class K can as the first Chern class of the canonical line bundle, also uniquely determined by the relations K can , v = −v · v − 2 for every basis element of L corresponding to a vertex of Γ. Note that
by symplectic adjunction formula, and the relation between our canonical class K 0 and Némethi's canonical class K can is K 0 = −K can . However, since χ K 0 (x) = χ Kcan (−x) for any x ∈ L, any statements about the connected components of level sets with respect to these two weight functions will be the same. Because of this symmetry, our different sign choice for the canonical class does not affect the validity of the statements we cite below, cf. [Ne1, section 5.1].
Lemma 3.8. [Ne1, Theorem 6.1(c, d)] Let K 0 be the canonical class in Char(Γ).
(1) Consider the sublevel setL K 0 ,≤0 , and let C 0 be its connected component containing
(2) The sublevel setL K 0 ,≤n is connected for n ≥ 1.
(3) The graded root (R K 0 , χ K 0 ) has a distinguished vertex w 0 of valency one, which is the end vertex of an infinite (sub)chain consisting of vertices w 0 , w 1 , w 2 , . . . such that χ K 0 (w i ) = i and there is an edge between w i and w i+1 for every i ∈ Z + 0 . Moreover, for every i > 0, the only vertex v of the graded root with
The third part of the above lemma directly follows (using the construction of the graded root) from the first two parts which are explicitly stated in [Ne1, Theorem 6.1(c, d) ]. The distinguished vertex w 0 is the connected component C 0 containing 0 ∈ L in π 0 (L K 0 ,≤0 ), and the vertex w i for i > 0 is the single connected component of the connected sublevel setL K 0 ,≤i .
We will call the infinite (sub)chain w 0 , w 1 , w 2 , . . . the main trunk of the canonical graded root (R K 0 , χ K 0 ). Note that the canonical graded root in general can have many complicated branches outside the main trunk (if the singularity is not rational, see the proof of Lemma 4.3 later), but those other branches, if present, connect to the main trunk at the level-one vertex w 1 , see Figure 1 .
The contact invariants
In a special case where the Heegaard Floer homology is isomorphic to H + 0 (Γ) (namely, for AR-graphs, for the definition see [Ne1, §8] ), Karakurt studied the image of the contact invariant c + (ξ) ∈ HF + (−Y ) in the lattice homology under this isomorphism. Figure 1 . A sketch of a graded root with its main trunk. At least one vertex w not on the main trunk is present on the 0-level, if the singularity is not rational.
We build on the ideas from [Ka, KO] , and much of those papers carries over to our setting, even though the isomorphism no longer holds. Let W (Γ) be the cobordism from S Proof.
(1) The argument is essentially the same as Karakurt's observation in [Ka] , based on the main theorem of [Pl] . Indeed, the homomorphism c = T To proceed, we first assume that X(Γ) carries a Stein structure J so that (X, J) is a Stein filling for the canonical contact structure ξ 0 on Y . In this case [Pl, Theorem 4] In general, X(Γ) may not be Stein (possibly, Γ has vertices of weight −1, so that X(Γ) contains spheres with self-intersection −1). However, as explained in section 2, X(Γ) always carries a symplectic form ω 0 such that (X(Γ), ω 0 ) is a strong symplectic filling for (Y, ξ 0 ). We can now use the extension of [Pl, Theorem 4] 
, and ψ 0 ∈ Ker U . Moreover, ψ 0 ∈ Im U if and only if the singularity is rational.
Proof. We need to check that ψ 0 satisfies the compatibility conditions (4) which is immediate because the generator 1 ∈ T + 0 is annihilated by U and by Lemma 3.8 part (1), there is no vertex v of the graded root connected to w 0 such that χ(v) < χ(w 0 ) (w 0 is valency-one vertex of the graded root). Similarly, ψ 0 ∈ Ker U follows from the relations (4). (Alternatively, one can use the fact that ψ 0 is the image of c + (ξ 0 ) under the maps of Lemma 4.2, and c + (ξ 0 ) ∈ Ker U in Heegaard Floer homology by [OS3] .) By [Ne1, Theorem 6.3] , the singularity is rational if and only if H(R K 0 , χ K 0 ) = T + 0 , and this happens exactly when the graded root is a single infinite chain with the end vertex w 0 , that is, the graded root consists of nothing else but the main trunk.
Therefore, if the singularity is rational, it is easy to see that ψ 0 ∈ Im U . If the singularity is not rational, the graded root R K 0 has non-trivial branches, i.e., at least one vertex v = w i (i ∈ Z + 0 ) outside its main trunk. Recall that w 1 is the (unique) vertex connected to w 0 by an edge in R K 0 and χ K 0 (w 1 ) = 1. By Lemma 3.8, all the vertices not on the main trunk must have non-positive χ K 0 -value, so there exists a vertex w = w 0 such that χ(w ) = 0 and w is connected to w 1 , see Figure 1 . Now, suppose that ψ 0 = U ψ for some ψ ∈ H(R K 0 ). Then ψ(w 1 ) = U ψ(w 0 ) = ψ 0 (w 0 ) = 0 and ψ 0 (w ) = U ψ(w ) = ψ(w 1 ) = 0, which is a contradiction because we defined ψ 0 (v) = 0 for all vertices v = w 0 .
Remark 4.4. The above argument is similar to [KO, §5.8] , but Karakurt-Öztürk in [KO] use Laufer sequences, an approach that only works in the special case of ARsingularities. Instead, we rely on the general graded root defined in [Ne1] for any negative definite rational homology sphere plumbed manifold. Remark 4.5. In this paper we worked with coefficients in F = Z/2 for simplicity, however our results hold for integer coefficients as well. When working with Z coefficients, the contact invariant c + (ξ) is only defined up to sign. The results of [Pl, Ghi] . A further issue is that cobordism maps are only defined up to sign in [OS4] , although [OS2, §2.1] explains how to define the map T + up to one overall sign (which can also be fixed). The isomorphisms between various constructions of lattice cohomology work with Z coefficients, and the distinguished elements φ 0 , ϕ 0 , and ψ 0 of Lemma 4.2 correspond to one another. Thus, we see that the element c + (ξ 0 ) ∈ HF + (−Y (Γ), t)/ ± 1 is mapped to (±ψ 0 ) under the map HF + (−Y (Γ), t)/ ± 1 → H(R K 0 , χ K 0 )/ ± 1, and our proof goes through as before.
